Let (M, g) be a compact Riemannian three-dimensional manifold with boundary. We prove the compactness of the set of scalar-flat metrics which are in the conformal class of g and have the boundary as a constant mean curvature hypersurface. This involves a blow-up analysis of a Yamabe-type equation with critical Sobolev exponent on the boundary.
Introduction
Let (M, g) be a Riemannian n-dimensional manifold with boundary ∂M, and let ∇ be its Riemannian connection. Denote by R g its scalar curvature and by ∆ g its Laplace-Beltrami operator, which is the Hessian trace. By h g we denote the boundary mean curvature with respect to the inward normal vector η, i.e. The existence of those metrics was first studied by Escobar [16] motivated by the classical Yamabe problem on closed manifolds. Regularity of solutions was obtained by Cherrier in [9] . The equations (1.1) have a variational formulation in terms of the functional
n−2
where dv g and dσ g denote the volume forms of M and ∂M, respectively. A function u is a critical point for Q if and only if it solves (1.1). However, direct methods fail to work when p = If λ 1 (B g ) < 0, the solution of the equations (1.1) is unique. If λ 1 (B g ) = 0, the equations (1.1) become linear and the solutions are unique up to a multiplication by a positive constant. Hence, the only interesting case is the positive one.
When M is conformally equivalent to the unit ball B n , the solutions of (1.1) are well known. The only nontrivial examples occur when p = n n−2 and they all represent metrics isometric to the Euclidean one [14] . In his case, the conformal diffeomorphisms of the ball produces a blowing-up family of solutions to (1.1).
Working in dimension n = 3, our main result extends to the general case the work of Felli and Ould Ahmedou [18] , that established compactness of the set of solutions to (1.1) when ∂M is umbilic. Theorem 1.1. Let (M, g) be a Riemannian 3-manifold with boundary ∂M. Suppose that Q(M, ∂M) > 0 and M is not conformally equivalent to the unit ball. Then, given a small γ 0 > 0, there exists C(M, g, γ 0 ) > 0 such that for any p ∈ 1 + γ 0 , n n−2 and any solution u > 0 of (1.1) we have C −1 ≤ u ≤ C and u C 2,α (M) ≤ C , for some 0 < α < 1.
The subcritical Sobolev exponents p < n n−2 in Theorem 1.1 provide a connection with the linear case. Although we omit the argument (see [1, 17, 18, 19] ), a proof of existence of a solution to Escobar's problem [16] can be achieved by computing the Leray-Schauder degree of all solutions of equations (1.1).
In the case of manifolds without boundary, the question of compactness of the full set of smooth solutions to the Yamabe equation was first raised by R. Schoen in a topics course at Stanford University in 1988. A necessary condition is that the manifold M n is not conformally equivalent to the sphere S n . This problem was studied in [12, 13, 22, 23, 25, 26, 29, 31] and was completely solved in [6, 8, 20] . In [6] , Brendle discovered the first smooth counterexamples for dimensions n ≥ 52 (nonsmooth examples were obtained by Ambrosetti and Malchiodi in [5] ). In [20] , Khuri, Marques and Schoen proved compactness for dimensions 3 ≤ n ≤ 24. Their proof contains both a local and a global aspect. The local aspect involves the vanishing of the Weyl tensor at any blow-up point and the global aspect involves the positive mass theorem. Finally, in [8] , Brendle and Marques extended the counterexamples of [6] to the remaining dimensions 25 ≤ n ≤ 51. In the case of nonempty umbilical boundary, the same compactness and noncompactness results were obtained by Disconzi and Khuri in [11] for the boundary condition B g u = 0.
Despite its additional technical difficulties, the question of compactness of the solutions of (1.1) turns out to have great similarity with the one above for the classical Yamabe equation. In [17] Felli and Ould Ahmedou prove compactness for locally conformally flat manifolds with umbilic boundary, a result previously obtained by Schoen [29] for the classical Yamabe equation. In [1] the first author proves the vanishing of the trace-free boundary second fundamental form at any blow-up point, a result inspired by the vanishing of the Weyl tensor obtained by Li-Zhang and Marques independently in [22, 23, 26] . On the other hand, the noncompactness results of Brendle and Marques inspired the first author's paper [2] which provides counterexamples in dimensions n ≥ 25 to compactness in (1.1). So Theorem 1.1 ensures that there is a critical dimension 3 < n 0 ≤ 25 such that compactness for the set of positive smooth solutions of (1.1) holds for n < n 0 and fails for n ≥ n 0 .
Although the corresponding result for the classical Yamabe equation in dimension 3 was obtained by Li and Zhu in [25] , our approach to Theorem 1.1 makes use of some further techniques of the later works [20, 26] . This is because the canonical bubble, coming from the Euclidean metric on B 3 , fails to provide a good approximation for the blowing up solutions of (1.1).
The strategy of the proof of Theorem 1.1 is similar to the one proposed by Schoen in the case of manifolds without boundary. It is based on finding local obstructions to blow-up by means of a Pohozaev-type identity. Assuming that a sequence {u i } of solutions has an isolated simple blow-up point, we approximate {u i } by the standard Euclidean solution plus a correction term φ i . The function φ i is defined as a solution to a non-homogeneous linear equation and is similar to the one in [20] . We then use the Pohozaev identity to prove a local sign restriction in dimension three, which allows the reduction to the simple blow-up case. This sign restriction is used again to derive a contradiction with the positive mass theorem established in [3] for manifolds modeled on the Euclidean half-space.
As in [1] , we do not need an explicit control of the terms φ i the authors had in [20] . This comes from the fact that, in dimension three, the φ i only contribute to the high order terms in the proof of the local sign restriction. Another point that differs from the mentioned papers on compactness is that we only use a very rough control of the Green's function. The relation with the positive mass theorem comes from an integral expression obtained by Brendle-Chen in [7] . This paper is organized as follows. In Section 2 we present some preliminaries computations about the standard solution on the Euclidean half-space, Fermi coordinates and the conformal invariant equation associated to (1.1). The important Pohozaev identity and the mass term is studied in Section 3. The definition of isolated and isolated simple blow-up points and some additional properties are collected in Section 4, while the blow-up estimates are presented in Section 5. In Section 6 we come back to the Pohozaev integral and prova a sign restriction and consequences. Finally we give a proof of the main result in Section 7.
Preliminaries

Notations
Throughout this work we will make use of the index notation for tensors, commas denoting covariant differentiation. We will adopt the summation convention whenever confusion is not possible. When dealing with coordinates on manifolds with boundary, we will use indices 1 ≤ i, j, k, l ≤ n − 1 and 1 ≤ a, b, c, d ≤ n. In this context, lines under or over an object mean the restriction of the metric to the boundary is involved.
We will denote by g the Riemannian metric and set det g = det g ab . The induced metric on ∂M will be denoted byḡ. We will denote by ∇ g the covariant derivative and by ∆ g the Laplacian-Beltrami operator. By R g or R we will denote the scalar curvature. The second fundamental form of the boundary will be denoted by π kl and the mean curvature, 1 n−1 tr(π kl ), by h g or h. By R n + we will denote the half-space {z
. In various parts of the text, we will make use of Fermi coordinates
In this case, we will work in B
Standard solutions in the Euclidean half-space
In this subsection we study the Euclidean Yamabe equation in R n + and its linearization.
The simplest example of solution to the Yamabe-type problem we are concerned is the ball in R n with the canonical Euclidean metric. This ball is conformally equivalent to the half-space R n + by the inversion F : R n + → B n \{(0, ..., 0, −1)} with respect to the sphere with center (0, ..., 0, −1) and radius 1. Here, B n is the Euclidean ball in R n with center (0, ..., 0, −1/2) and radius 1/2. The expression for F is
and of course its inverse mapping F −1 has the same expression. An easy calculation shows that F is a conformal map and F * g eucl = U 
Since the equations (2.1) are invariant by horizontal translations and scalings with respect to the origin, we obtain the following family of solutions of (2.1):
where λ > 0 and z = (z 1 , ..., z n−1 ) ∈ R n−1 . In fact, the converse statement is also true: by a Liouville-type theorem in [24] (see also [10, 14] ), any non-negative solution to the equations (2.1) is of the form (2.2) or is identically zero.
The existence of the family of solutions (2.2) has two important consequences. First, we see that the set of solutions of the equations (2.1) is noncompact. In particular, the set of solutions of (1.1) with p = n n−2 is not compact when M n is conformally equivalent to B n . Secondly, the functions 
Lemma 2.1. Suppose ψ is a solution to
−α ) for some α > 0, then there exist constants c 1 , ..., c n such that
Proof. This is [1, Lemma 2.1].
Coordinate expansions for the metric
Recall the definition of Fermi coordinates:
Definition 2.2. Let x 0 ∈ ∂M and choose boundary geodesic normal coordinates (z 1 , ..., z n−1 ), centered at x 0 , of the point x ∈ ∂M. We say that z = (z 1 , ..., z n ), for small z n ≥ 0, are the Fermi coordinates (centered at x 0 ) of the point exp x (z n η(x)) ∈ M. Here, we denote by η(x) the inward unit normal vector to ∂M at x. In this case, we have a map
It is easy to see that in these coordinates g nn ≡ 1 and g jn ≡ 0, for j = 1, ..., n−1. The expansion for g in Fermi coordinates is given by:
The existence of conformal Fermi coordinates, introduced in [27] , is stated as follows: Proposition 2.3. For any given integer N ≥ 1, there is a metricg, conformal to g, such that ing-Fermi coordinatesψ :
Moreover,g can be written asg = f g, where f is a positive function with f (x 0 ) = 1
Proof. The first part is [27, Proposition 3.1] and the last one follows from
Remark 2.4. Since we are only handling the 3-dimensional case, in this paper we do not use Proposition 2.3 in its full generality. Indeed, N = 2 is enough for our purposes here, and this case could be easily obtained by assuming the vanishing of the boundary mean curvature.
Conformal scalar and mean curvature equations
In this subsection we study the partial differential equation we will work with in the next sections:
for some fixed γ 0 > 0 and f is a positive function.
The equations (2.6) have an important scaling invariance property. Fix x 0 ∈ ∂M and take δ > 0 small, and consider Fermi coordinates ψ :
wheref (y) = f (ψ(sy)) and the metricĝ is defined byĝ kl (y) = g kl (ψ(sy)). The reason to work with the equations (2.6), instead of (1.1), is that they have important conformal invariance properies. Supposeg = ζ 4 n−2 g is a metric conformal to g. It follows from the properties
which are again equations of the same type.
Notation.
Let Ω ⊂ M be a domain in a Riemannian manifold (M, g). Let {g i } be a sequence of metrics on Ω. We say that
where τ i = n n−2 − p i and 1 + γ 0 ≤ p i ≤ n n−2 for some fixed γ 0 > 0. In many parts of this article we will work with sequences
. In this case, we assume that f i → f in the C 1 loc topology, for some positive function f , and that g i → g 0 in the C 3 loc topology, for some metric g 0 . By the conformal invariance stated above, we are allowed to replace the metric g i by ζ (0) and 0 < ρ < δ we define
dσ .
An integration by parts [1, Proposition 3.1] gives the following Pohozaevtype identity to be used in the analysis of blow-up sequences:
where K is a constant, then
Here, ∆ stands for the Euclidean Laplacian. While in Section 6 we will obtain a sign restriction for P (u, ρ) by means of Proposition 3.1, in this section we handle P (u, ρ) directly and relate it with a mass-type geometric invariant defined below.
Proof. Direct calculations give
from which the result follows. Suppose the manifold N, of dimension n ≥ 3, is asymptotically flat with order p > n−2 2 , as defined above. Assume also that R g is integrable on N, and h g is integrable on ∂N. Let (y 1 , . .., y n ) be the asymptotic coordinates induced by the diffeomorphism f . Then the limit
exists, and we call it the mass of (M, g). As proved in [3] , m(g) is a geometric invariant in the sense that it does not depend on the asymptotic coordinates. The expression in (3.1) is due to F. Marques and is the analogue of the ADM mass for the manifolds of Definition 3.3. A positive mass theorem for m(g), similar to the classical ones in [30, 33] , is stated as follows: The asymptotically flat manifolds we work with in this paper come from the stereographic projection of compact manifolds with boundary. Inspired by Schoen's approach [28] to the classical Yamabe problem, this projection is defined by means of a Green's function with singularity at a boundary point. Since we do not have the control of the Green's function expression used in the case of manifolds without boundary, the relation with (3.1) is obtained by means of an integral defined in [7] . This is stated in the next proposition. 
where φ is smooth on M\{x 0 } satisfying φ(x) = O(|x| d+3−n | log |x||). If we define the metricĝ = G 4 n−2 g and set 
Since (x 1 , ..., x n ) are Femi coordinates,
the result then follows Proposition 3.6. If in addition to the hypotheses of Proposition 3.5 we assume n = 3 and h(x 0 ) = tr (π i j (x 0 )) = 0, then
Proof. Observe that in dimension n = 3 we have d = 0 and so φ(x) = O(| log |x||), and the expansion (2.5) gives
since the integral involving x i x j π i j (x 0 ) vanishes by symmetry. A direct calculation shows
and so
On the other hand, using Lemma 3.2 we obtain
and the result follows.
Isolated and isolated simple blow-up points
In this section we briefly collect the definitions and main results of isolated and isolated simple blow-up sequences from [1, Section 4]. They are inspired by the corresponding ones for manifolds without boundary and are similar to the ones in [17, 18] .
Definition 4.1. Let Ω ⊂ M be a domain in a Riemannian manifold (M, g).
We say that x 0 ∈ Ω ∩ ∂M is a blow-up point for the sequence
, if there is a sequence 
Notation. If x i → x 0 is a blow-up point we set
M i = u i (x i ), i = M −(p i −1) i .
Definition 4.2.
We say that a blow-up point x i → x 0 is an isolated blow-up point for {u i } if there exist δ, C > 0 such that
Since Fermi coordinates are normal on the boundary, the above definition is equivalent to
This definition is invariant under renormalization. This follows from the fact that if v i (y) = s 
The next proposition says that, in the case of an isolated blow-up point, the sequence {u i }, when renormalized, converges to the standard Euclidean solution U. Proposition 4.5. Let x i → x 0 be an isolated blow-up point. We set
Then given R i → ∞ and β i → 0, after choosing subsequences, we have The set of blow-up points is handled in the next proposition. Proposition 4.7. Given small β > 0 and large R > 0 there exist constants C 0 , C 1 > 0, depending only on β, R and (M n , g), such that if u is solution of (2.6) and max ∂M u ≥ C 0 , then n n−2 − p < β and there exist x 1 , ..., x N ∈ ∂M, N = N(u) ≥ 1, local maxima of u, such that:
is a disjoint collection, where D r j (x j ) is the boundary metric ball.
(2) For each j = 1, ..., N, u(
where we are using Fermi coordinatesψ j : B
We now introduce the notion of an isolated simple blow-up point. If x i → x 0 is an isolated blow-up point for {u i }, for 0 < r < δ, set
Note that the definition of w i is invariant under renormalization. More precisely, 
, where G i is the Green's function so that:
Here, r i is defined as in Remark 4.9.
Remark 4.11. Suppose that x i → x 0 is an isolated simple blow-up point for {u i }.
Then, as a consequence of Propositions 4.5 and 4.10, we see that
We finally have the following estimate for τ i = n n−2 − p i , which is proved using Proposition 3.1: Proposition 4.12. Let x i → x 0 be an isolated simple blow-up point for {u i } and let ρ > 0 be small. Then there exists C > 0 such that
Blow-up estimates
In this section we give a pointwise estimate for a blow-up sequence {u i } in a neighborhood of an isolated simple blow-up point. Our estimates are obtained for dimension n = 3. Let x i → x 0 be an isolated simple blow-up point for the sequence {u i ∈ M i }. We use conformal Fermi coordinates centered at x i . Thus we will work with conformal metricsg i = ζ 4 n−2 i g i and sequences {ũ i = ζ
As observed in Remark 4.6, x i → x 0 is still an isolated blow-up point for the sequence {ũ i } and satisfies the same estimates of Proposition 4.10 (since we have uniform control on the conformal factors ζ i > 0, these estimates are preserved). Let
In order to simplify our notations, we will omit the simbols˜and ψ i in the rest of this section. Thus, the metricsg i will be denoted by g i and points ψ i (x) ∈ M, for x ∈ B + δ (0), will be denoted simply by x. In particular, x i = ψ i (0) will be denoted by 0 and u i • ψ i by u i .
Let r → 0 ≤ χ(r) ≤ 1 be a smooth cut-off function such that χ(r) ≡ 1 for 0 ≤ r ≤ δ and χ(r) ≡ 0 for r > 2δ. We set χ (r) = χ( r)
where ∆ stands for the Euclidean Laplacian, satisfying
3)
Assumption In the rest of this section, n = 3.
Lemma 5.1. There exist δ, C > 0 such that, for |y| ≤ δ
Proof. We consider δ < δ to be chosen later and set
for some |y i | ≤ δ
. From Remark 4.11 we know that v i (y) ≤ CU(y) for |y| ≤ δ , then
This implies the stronger inequality |v
. Hence, we can suppose that |y i | ≤ δ
Suppose, by contradiction, the result is false. Then, choosing a subsequence if necessary, we can suppose that
i . By the equations (2.1) and (5.1), w i satisfies
where
Observe that, for any function u,
Hence,
where in the second line we used Proposition 2.3, we obtain . Then the Green's formula gives
Using the estimates (5.8), (5.9) and (5.11) in the equation (5.13), we obtain
Here, we have used the fact that |G i (x, y)| ≤ C |x − y| 2−n for |y| ≤ δ . Hence,
for |y| ≤ δ 
i . Then w i satisfies the equations (5.7) with
Similarly to the estimates (5.8) and (5.9) we have 
and k = 0, 1, 2.
Proof. The estimate with k = 0 follows from Lemmas 5.1 and 5.2. The estimates with k = 1, 2 follow from elliptic theory.
The Pohozaev sign restriction
In this section we assume n = 3 and prove a sign restriction for an integral term in Proposition 3.1 and some consequences for the blow-up set.
Theorem 6.1. Let x i → x 0 be an isolated simple blow-up point for the sequence {u i ∈ M i }. Suppose that u i (x i )u i → G away from x 0 , for some function G. Then
Observe that, from Remark 4.11, we know that
We write the Pohozaev identity of Proposition 3.1 as
Since we can assume h(0) = 0, we havē
On the other hand, we can choose r > 0 small such that Q i (u i , r) ≥ 0. So we only have to handle F i (u i , r). We know from (2.5) that g kl (z) = δ kl + 2π kl (0)z n + O(|z| 2 ) in Fermi coordinates, and recall that we are assuming tr(π kl (0)) = h(0) = 0. Thus, due to symmetry arguments, F i (Ǔ i +φ i , r) = O( i r) . Corollary 6.4. Suppose the sequence {u i ∈ M i } satisfies max ∂M u i → ∞. Then p i → n/(n − 2) and the set of blow-up points is finite and consists only of isolated simple blow-up points.
Proof of Theorem 1.1
In view of standard elliptic estimates and Harnack inequalities, we only need to prove that u C 0 (∂M) is bounded from above (see [19, Lemma A.1] for the boundary Harnack inequality). Assume by contradiction there exists a sequence u i of positive solutions of (1.1) such that max ∂M u i → ∞ as i → ∞.
It follows from Corollary 6.4 that we can assume u i has N isolated simple blow-up points This contradicts the local sign restriction of Theorem 6.1 and ends the proof of Theorem 1.1.
